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Abstract: Owing to the complexity of behavioral dynamics and mechanisms associated with turning
maneuvers, capturing pedestrian movements around corners in a mathematical model is a challenging
task. In this study, minimum jerk and one-thirds power law concepts, which have been initially
applied in neurosciences and brain research domains, were utilized in combination to model
pedestrian movement planning around bends. Simulation outputs explained that the proposed model
could realistically represent the behavioral characteristics of pedestrians walking through bends.
Comparison of modeled trajectories with empirical data demonstrated that the accuracy of the model
could further be improved by using appropriate parameters in the one-thirds power law equation.
Sensitivity analysis explained that, although the paths were not sensitive to the boundary conditions,
speed and acceleration profiles could be remarkably varied depending on boundary conditions.
Further, the applicability of the proposed model to estimate trajectories of pedestrians negotiating
bends under different entry, intermediate, and exit conditions was also identified. The proposed
model can be applied in microscopic simulation platforms, virtual reality, and driving simulator
applications to provide realistic and accurate maneuvers around corners.
Keywords: pedestrian movement planning; turning maneuvers; pedestrian behavior modeling;
pedestrian simulation; minimum-jerk concept; one-thirds power law concept; optimal trajectories
1. Introduction
Turning or negotiating bends is a very common activity during walking activities of daily
living [1]. Because of the importance and the complexity of turning maneuvers, this phenomenon
has been explored in many research domains. In clinical medicine, turning movements of patients
with Alzheimer’s and Parkinson’s diseases have been explored to understand movement disorders
resulted by such diseases [2,3]. As human turning maneuvers play a key role in neurosciences and
psychology, they have been studied in such research domains as well. For example, Patla et al. [4],
Hase and Stein [5], and Taylor et al. [6] evaluated two main strategies for turning (i.e., step turn and
spin turn) and their characteristics in terms of stability and parsimony. Courtine and Schieppati [7]
studied basic gait characteristics and leg muscle activities when humans walk along curved paths in
order to understand the nerve mechanisms. Aiming at enhancing the curve motion capabilities of
physical assistant robots, Akiyama et al. [8] evaluated the characteristics of natural turning movements
using the data collected through controlled experiments with humans.
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As empirically verified by several previous studies, corners or bends at crowd gathering places
could create dangerous bottlenecks, particularly when large crowds negotiate turns in normal as well
as in emergency situations [9,10]. Apart from such empirical studies, microscopic modeling approaches
have also been proposed to realistically represent turning maneuvers in agent based [11,12], social
force based [13], and cellular automata (CA) based [14,15] pedestrian simulation tools. Such tools
could be used in practice, for example, in planning and designing crowd gathering places as well as
managing crowds at such places during special events. Thus, improving them to realistically represent
the effects of complex maneuvers, e.g., turning, is extremely important.
The aim of the present work was to capture pedestrian movement planning around bends in a
mathematical algorithm. Such a modeling framework could be used in many applications, for example,
to enhance the simulations of crowded events in normal and emergency conditions as well as to
accurately represent the mechanisms of and realistically display the pedestrian movements in 3-D
visualizations, particularly in virtual reality (VR) and driving simulator (DS) applications. Further,
such a model may be useful in path planning of robots and autonomous agents. Additionally, based on
an accurate representation of complex movements such as turning, existing simulation tools could be
modified or new simulation tools could be developed to evaluate safety of pedestrians, e.g., for accurately
estimating time-to-collision or other safety indices at intersections, and to realistically represent mobility
and circulation patterns of pedestrians, e.g., in simulation and VR tools. Considering such benefits,
this paper proposes a model that uses minimum-jerk and one-thirds power law concepts to explain
pedestrians’ movement planning at bends. These two concepts are empirically verified principles that
can describe human movements. Data collected through controlled laboratory experiments conducted
with humans for different turning angles were utilized to verify the proposed approach.
The rest of the paper is organized as follows. The next section discusses the theoretical background
of the modeling framework explored in this study. Then, model verification is discussed, followed by
a sensitivity analysis. Lastly, conclusions and directions for further studies are presented.
2. Model Framework
2.1. Problem Description
Let us consider a pedestrian is approaching at a bend as schematically shown in Figure 1a.
The challenge is to find the path, the speed, and the acceleration profiles (broken lines in Figure 1) that
describe the pedestrian’s movement through the corner from the starting point to the final target point.
Before arriving at the corner of the bend, the pedestrian should plan their maneuver through
the bend at an upstream point, e.g., at the starting point (i) in Figure 1a. In this study, we considered
that pedestrians target an intermediate location (point m in Figure 1a) where their speed drops to a
minimum value (vm in Figure 1b). Then, they regain their desired walking speed (vf in Figure 1b) at a
final target point (point f in Figure 1a). This assumption is in line with authors’ previous studies that
demonstrated that a turning maneuver occurred in a region called the “turning region”, and the turn
initiation and end points can be spatially invariant [16]. Other previous studies also experimentally
confirmed the spatial invariance of turn initiation points [17,18]. Such points can be considered as
starting and final target points. Speeds at those points can be considered as the normal average walking
speed of a healthy human with no accelerations or decelerations (i.e., 0 m/s2). Using such assumptions
and assuming that the movement time between initial and final target points are known, pedestrians’
turn negotiation maneuvers could be described by the minimum-jerk concept. The minimum-jerk
principle describes smoothness in human arm movements [19], and this concept is described in detail in
Section 2.2. However, movement time (tf) is generally unknown. If coordinates, speed, and acceleration
at an intermediate location are known, such information can be used to obtain an estimate for tf. If we
assume that a pedestrian who is planning a turning maneuver is targeting a point on the middle of
the corner (Figure 1a), the tangential speed of that point can be estimated based on the instantaneous
radius of that point based on the one-thirds power law. The one-thirds power law explains the inverse
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correlation between the tangential speed and the instantaneous speed as a general feature of human
movements. The one-thirds power law is explained in detail in Section 2.3.
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Figure 1. Maneuver planning around a corner: (a) path; (b) speed profile; (c) acceleration profile.
2.2. Minimum-Jerk Concept
Flash and Hogan [19] verified that the smoothness of human arm movements such as writing,
reaching, and drawing tasks on a plane can be quantified as a function of jerk. As they explained,
the objective function for obtaining the smoothest trajectory of a moving hand from a given initial
position to a given final position in a given time (tf) is the time integration of the square of jerk, which
can be formulated as:
J =
1
2
t f∫
0
(d3xdt3
)2
+
(
d3y
dt3
)2dt (1)
The solution for minimization of Equation (1) can be obtained as a system of fifth order polynomials
of time with a j and b j (j = {0, . . . , 5}) constants, as given in Equation (2). Detailed derivations of this
system of equation can also be found in [19].
x(t) = a0 + a1t+ a2t2 + a3t3 + a4t4 + a5t5
y(t) = b0 + b1t+ b2t2 + b3t3 + b4t4 + b5t5
(2)
This concept was initially used to describe reaching and catching movements of the human arm
in three-dimensional space [20] and goal oriented human movements in two-dimensional space [21].
Further, this concept has been utilized in maneuver planning for autonomous vehicle movements [22]
and robot arms movements [23]. Several recent studies applied the minimum-jerk concept to model
vehicle speed profiles and maneuvers on expressway curves [24].
2.3. One-Thirds Power Law Concept
The relationship between the radius of the curvature and the tangential speed was empirically
studied for handwriting and drawing movements. This relationship can be described with the
one-thirds or the two-thirds power laws [25–27]. That is, the tangential speed is proportional to the
one-third power of the radius of the curvature, or the angular speed is proportional to the two-thirds
power of the radius of the curvature. Later, it was empirically proven that this relationship could
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be valid for human locomotion as well [28,29]. That is, the relationship between walking speed and
radius of the curvature of the walking path can be described with power laws. The one-thirds power
law relationship can be described as in Equations (3) and (4) as follows:
V = K(R)β (3)
log V = log K+ β log R (4)
where V is tangential speed, R is instantaneous radius, and K and β are constants.
On a log–log space, tangential speed and radius show a linear relationship [Equation (4)], and the
value of β approximately equals 0.33 (≈1/3), as experimentally verified in Vieilledent et al. [28]. This
relationship describes that the sharper the turn is (i.e., when the radius of the curvature is smaller),
the smaller the walking speed at the corner is and vice versa.
2.4. Model Formulation
In the present work, applicability of minimum-jerk and one-thirds power law concepts in
combination to estimate pedestrian navigation through bends was explored. These concepts are
empirically verified in previous studies as general principles that govern human movements. How
such concepts can be used together to model pedestrian movement planning through bends is described
in this section.
Dias et al. [16] analyzed trajectories extracted from human experiments and demonstrated that
individual pedestrians perform the turning maneuver within a fixed region (described as “turning
region”) bounded by “turn initiation” and “turn completion” points. Within this region, there is a
deceleration phase followed by an acceleration phase, and the minimum speed occurs approximately
at the middle of the corner. Substituting speed and acceleration values at these boundaries of the
trajectory, a set of simultaneous equations can be obtained as follows.
At the starting location of the trajectory (i in Figure 1a):
x(t = 0) = a0
.
x(t = 0) = a1
..
x(t = 0) = 2a2 (5)
where x(t = 0),
.
x(t = 0), and
..
x(t = 0) are the x-components of location, speed, and acceleration at the
starting point, respectively. Time was measured from the starting point of the trajectory. The initial
location was considered as the turn initiation point, and the coordinates of that point were set as (0, 0).
Approaching speed at the turn initiation point was set as the free flow walking speed, which is known.
The acceleration at initial point was considered as 0 m/s2.
At the final target point of the trajectory (i.e., f in Figure 1a):
x
(
t = t f
)
= a0 + a1t f + a2t f 2 + a3t f 3 + a4t f 4 + a5t f 5
.
x
(
t = t f
)
= a1 + 2a2t f + 3a3t f 2 + 4a4t f 3 + 5a5t f 4
..
x
(
t = t f
)
= 2a2 + 6a3t f + 12a4t f 2 + 20a5t f 3
(6)
where x
(
t = t f
)
,
.
x
(
t = t f
)
, and
..
x
(
t = t f
)
are the x-components of location, speed, and acceleration at the
final location or the exit point, respectively. The final location was considered as the turn completion
point. The coordinates of that point for each turning angle case were set relative to the origin based on
the corridor geometry and the dimensions of the turning region. Receding or exit speed at the turn
completion point was also set as the free-flow walking. The acceleration at final point or exit point was
also considered as 0 m/s2.
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As the minimum speed occurs approximately at the middle of the corner, if the coordinates,
the speed, and the acceleration at such point is known, the following equations can be obtained:
x(t = tm) = a0 + a1tm + a2tm2 + a3tm3 + a4tm4 + a5tm5
.
x(t = tm) = a1 + 2a2tm + 3a3tm2 + 4a4tm3 + 5a5tm4
..
x(t = tm) = 2a2 + 6a3tm + 12a4tm2 + 20a5tm3
(7)
where tm is time to the intermediate target point (i.e., m in Figure 1a) measured from the starting point,
and x(t = tm),
.
x(t = tm), and
..
x(t = tm) are the x-components of location, speed, and acceleration at the
location of minimum speed, respectively. As described earlier (in Figure 1), it is reasonable to assume
that people are planning their movement via the middle point of the corner and keeping a certain safe
distance from the inner corner of the bend. If the instantaneous radius on the trajectory at that point is
known, the speed at that point can be obtained based on the power law relationship [Equation (3)].
By considering Equations (5)–(7), it can be noted that there are eight unknowns (a0, a1, a2, a3, a4,
a5, t f , and tm) with eight simultaneous equations (i.e., ignoring the last equation of (7)). Thus, a set
of solutions can be obtained for constants and movement times. Once an estimate for t f is obtained,
constants for the y-components of the trajectory (b0, b1, b2, b3, b4, and b5) can also be obtained by
solving the following set of equations.
At the starting location of the trajectory:
y(t = 0) = b0
.
y(t = 0) = b1
..
y(t = 0) = 2b2 (8)
where y(t = 0),
.
y(t = 0), and
..
y(t = 0) are the y-components of location, speed, and acceleration at the
starting point, respectively. These are as described earlier.
At the final location of the trajectory:
y
(
t = t f
)
= b0 + b1t f + b2t f 2 + b3t f 3 + a4t f 4 + b5t f 5
.
y
(
t = t f
)
= b1 + 2b2t f + 3b3t f 2 + 4b4t f 3 + 5b5t f 4
..
y
(
t = t f
)
= 2b2 + 6b3t f + 12b4t f 2 + 20b5t f 3
(9)
where y
(
t = t f
)
,
.
y
(
t = t f
)
, and
..
y
(
t = t f
)
are the y-components of location, speed, and acceleration at
the final target point, respectively.
The simultaneous equations were solved for 90◦, 135◦, and 180◦ turnings separately, and outputs
were compared with empirical trajectories. Details of the model verification are discussed in the
following section.
3. Model Verification
In this study, trajectory data collected through a controlled experiment conducted at Monash
University, Australia in 2013 [16] were used to verify the model. This experiment was conducted to
understand solo pedestrian walking characteristics through different turning configurations. Sixteen
postgraduate students (11 males and five females) participated in this experiment, and their ages
ranged from 26 to 33 years. Corridors (width = 1.5 m) of different angles (45◦, 60◦, 90◦, 135◦, and 180◦)
were set out using safety barriers, chains, and tapes. Therefore, the downstream conditions beyond
the turning point were visible. Three desired speed levels were considered (normal-speed walking,
fast-speed walking, and slow-speed running), and the data for normal speed walking through 90◦, 135◦,
and 180◦ corridors were used in this study. Before the normal speed walking scenarios, participants
were instructed to walk through the corridor at their normal walking speed. We did not ask participants
to follow a specific path, and they were allowed to walk freely through the corridor. The purpose of the
experiment was not revealed to the participants. Experiments were video recorded with an overhead
video camera, and positions of participants’ heads were obtained at 0.24 s intervals by manual tracking.
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In order to solve the above formulated simultaneous equations for different turning angles,
coordinates of the initial and the final points were obtained based on the corridor geometry
(width = 1.5 m) and the dimensions of the turning region provided in Dias et al. [16]. To estimate the
speed at the intermediate point using the power law relationship, the instantaneous radius of that
point was required. The method adopted in this study to obtain an estimate for the instantaneous
radius is described in Section 3.1.
3.1. Estimating Instantaneous Radius of the Path
In order to obtain an approximate estimate for the instantaneous radius at the intermediate point,
fourth order polynomials on x-y space were considered, which were fitted based on several paths
obtained from experimental trajectories. It should be noted that it is possible to obtain a higher order
polynomial that passes through initial, intermediate, and final points considering location as well as
tangent information at these points, even without empirical data. The following formula was used to
calculate the instantaneous radius (R) of the path, which is described by a fourth order polynomial
(y = f (x)) on x-y space:
R =
[
1 +
(
dy
dx
)2]3/2
∣∣∣∣ d2ydx2 ∣∣∣∣ (10)
Fitted polynomials and estimated instantaneous radii for 90◦, 135◦, and 180◦ turning cases are
illustrated in Figure 2.
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It can be noted that the mini um radius was located approximately at the middle of the trajectory,
i.e., when the normalized distance was approximately 0.5. It could further be observed that the
mini um radius was generally smaller for higher degree turns or sharp turns compared to smaller
degree turns. When the instantaneous radius at the intermediate point, which could be considered
as the minimum radius, was known, instantaneous speed at the point could be estimated using the
power law relationship, as discussed in the following subsection.
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3.2. Power Law Parameters
The relationship between radius and speed [Equations (3) and (4)] for different K values calibrated
in Vieilledent et al. [28] using empirical data are shown in Figure 3. It is clear that, for a given radius,
speed could be significantly varied based on the value of K. It should be noted that the approximate
ranges of radii in the experiment by Vieilledent et al. [28] were 2 m, (0.5, 3) m, and (0.2, 13.5) m for
K = 1.75, 1.0, and 0.75 m(2/3)s−1 (approximately), respectively. In this study, the instantaneous radii at
the intermediate point were varied approximately between 0.5 m and 2 m. Thus, K = 1.00 m(2/3) s−1
was used in this study to estimate speeds at the intermediate point.
Sustainability 2019, 11, x FOR PEER REVIEW 7 of 14 
The relationship between radius and speed [Equations (3) and (4)] for different K values 
calibrated in Vieilledent et al. [28] using empirical data are shown in Figure 3. It is clear that, for a 
given radius, speed could be significantly varied based on the value of K. It should be noted that the 
approximate ranges of radii in the experiment by Vieilledent et al. [28] were 2 m, (0.5, 3) m, and (0.2, 
13.5) m for K = 1.75, 1.0, and 0.75 m(2/3)s−1 (approximately), respectively. In this study, the 
instantaneous radii at the intermediate point were varied approximately between 0.5 m and 2 m. 
Thus, K = 1.00 m(2/3) s−1 was used in this study to estimate speeds at the intermediate point. 
 
Figure 3. Sensitivity of the power law relationship for different K on; (a) x-y space; (b) ln(x)-ln(y) 
space. 
Based on such settings, a Monte Carlo simulation was conducted to generate trajectories. 
Resulting trajectories were compared with empirical trajectories, and details are described in the 
following section.  
3.3. Results 
In the simulation, the starting, the intermediate, and the final locations were set based on the 
dimensions of the turning regions for 90°, 135°, and 180° turning angles. Speeds at the starting and 
the final locations were assumed to be distributed uniformly between 1.4 m/s and 1.6 m/s as the free 
flow speeds of empirical data were also distributed approximately in this range. i.e., at each 
simulation, two speed values were randomly chosen from these distributions as speeds at initial and 
final locations. Speeds at the intermediate location were estimated based on the power law 
relationship. Assuming that the deceleration and the acceleration phases occurred within the turning 
region, accelerations at the starting and the final locations were set as 0 m/s2. A Monte Carlo 
simulation was conducted with 100 random seeds, and the outputs, i.e., paths, speed, and 
acceleration profiles, for 90°, 135°, and 180° turning angles were compared with empirical data, as 
shown in Figure 4.  
It can be noted that, although the speeds at the intermediate location were set as a fixed value 
for each turning angle case, a range of minimum speed values resulted. This was mainly because we 
used the 𝑡௙ values resulting from Equations (5)–(7) (i.e., solving the simultaneous equations for x-
direction) to estimate coefficients for both x- and y-directions or vice-versa. The range of tf values 
resulted because of the range of vi and vf values used in simultaneous equations.  
The simultaneous equations provided multiple sets of solutions. In this study, eight sets of 
solutions were obtained for each case, i.e., four real and four complex solutions. Out of the four real 
solutions, two were unrealistic (i.e., tf or tm < 0). Thus, the global minimum was carefully chosen by 
setting appropriate initial values.  
For a given turning angle, no remarkable variation was observed in simulated paths even though 
the speeds at the entry and the exit points were different. Regarding speed profiles, the variations 
could be acceptable, as empirical speed profiles were also varied in more or less a similar manner. 
0.0
0.5
1.0
1.5
0 0.5 1 1.5 2 2.5
Sp
ee
d (
m
/s)
Radius (m)
K ≈ 1.00 m^(2/3) s^(-1)
K ≈ 0.75 m^(2/3) s^(-1)
(a)
-0.80
-0.30
0.20
0.70
-2.00 -1.00 0.00 1.00 2.00ln
 (S
pe
ed
)
ln (Radius) 
K ≈ 1.00 m^(2/3) s^(-1)
K ≈ 0.75 m^(2/3) s^(-1)
Slopes of 
lines = 1/3
(b)
Figure . f the power law relationship for different K on; (a) x-y space; (b) ln x -l (y) space.
Based on such settings, a Monte Carlo simulation was conducted to generate trajectories. Resulting
trajectories were compared with empirical trajectories, and det ils are escribed in th following section.
3.3. Results
In the simulation, the starting, the intermediate, and the final locations were set based on the
dimensions of the turning regions for 90◦, 135◦, and 180◦ turning angles. Speeds at the starting and the
final locations were assumed to be distributed uniformly between 1.4 m/s and 1.6 m/s as the free flow
speeds of empirical data were also distributed approximately in this range. i.e., at each simulation, two
speed values were randomly chosen from these distributions as speeds at initial and final locations.
Speeds at the intermediate location were estimated based on the power law relationship. Assuming
that the deceleration and the acceleration phases occurred within the turning region, accelerations at
the starting and the final locations were set as 0 m/s2. A Monte Carlo simulation was conducted with
100 random seeds, and the outputs, i.e., paths, speed, and acceleration profiles, for 90◦, 135◦, and 180◦
turning angles were compared with empirical data, as shown in Figure 4.
It can be noted that, although the speeds at the intermediate location were set as a fixed value
for each turning angle case, a range of minimum speed values resulted. This was mainly because
we used the t f values resulting from Equations (5)–(7) (i.e., solving the simultaneous equations for
x-direction) to estimate coefficients for both x- and y-directions or vice-versa. The range of tf values
resulted because of the range of vi and vf values used in simultaneous equations.
The simultaneous equations provided multiple sets of solutions. In this study, eight sets of
solutions were obtained for each case, i.e., four real and four complex solutions. Out of the four real
solutions, two were unrealistic (i.e., tf or tm < 0). Thus, the global minimum was carefully chosen by
setting appropriate initial values.
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Figure 4. o parison of odel outputs ith experi ent data: (a) paths for 90◦ turning; (b) speed
profiles for 90◦ turning; (c) paths for 135◦ turning; (d) speed profiles for 135◦ turning; (e) paths for 180◦
turning; (f) speed profiles for 180◦ turning.
For a given turning angle, no remarkable variation was observed in simulated paths even though
the speeds at the entry and the exit points were different. Regarding speed profiles, the variations
could be acceptable, as empirical speed profiles were also varied in more or less a similar manner.
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Further, in order to obtain minimum-jerk trajectories, i.e., to solve Equation (2), only tf was required in
addition to location, speed, and acceleration vectors at initial and final locations. Thus, at this stage,
we used the location and the speed information at the intermediate location only for the estimation
of tf.
The developed combined model generates pedestrian walking trajectories (path, speed,
and acceleration profile) considering the physical boundaries of the corner. It does not require
empirical calibration or adjustment. It only requires the characteristics of entry and exit points (location,
speed, and acceleration). The presented simulated trajectories in Figure 4 assume one entry and one
exit point. In the experimental data, participants chose different entry and exit points. This is clearly
shown in Figure 4a,c,e. Simulated paths fit well within the range of observed paths, which supports
the reliability of the minimum-jerk and the power law integrated model in presenting human walking
maneuvers around corners. Maximum deviations of the modeled paths from the average of empirical
paths were estimated as 0.16 m, 0.08 m, and 0.14 m for 90◦, 135◦, and 180◦ turning cases, respectively.
The variance of simulated paths was smaller compared to empirical ones, mainly because of the
variance in initial, intermediate, and final locations. In this study, we did not consider such variances,
as the purpose was to model humans’ movement planning around bends via three given points.
Minimum speeds (±standard deviation) for the modeled trajectories were 1.16 (±0.03) m/s,
1.09 (±0.06) m/s, and 0.88 (±0.02) m/s for 90◦, 135◦, and 180◦ turnings, respectively. For empirical data,
minimum speeds were 1.24 (±0.09) m/s, 1.16 (±0.07) m/s, and 0.93 (±0.11) m/s for 90◦, 135◦, and 180◦
turnings, respectively. It can be noted that the model underestimated the minimum speed or the
speed at the intermediate point. The Mann–Whitney U test [30] confirmed that, for all turning angles,
the differences between medians of the minimum speeds were statistically significant. Results of the
Mann–Whitney U test for 90◦, 135◦, and 180◦ were (z-score = 3.80, p-value = 0.00014), (z-score = 3.37,
p-value = 0.00076), and (z-score = 2.45, p-value = 0.0143), respectively. This could possibly be attributed
to the default power law parameters (calibrated in [28]) used in this study. Experiment conditions
could be remarkably different in these two cases. Furthermore, the experiment by Vieilledent et al. [28]
considered walking on differently shaped paths, which were mainly circular and elliptical shaped paths,
and those were not exactly similar to the turning maneuvers considered in this study. Nevertheless,
with a proper recalibration of power law principle, the proposed model in this study can further be
improved to obtain a better estimate for speed profiles as well.
4. Sensitivity Analysis
Sensitivity of the proposed modeling approach for different initial, intermediate, and exit conditions
was also investigated, and results are summarized in this section.
4.1. Entry and Exit Acceleration
It was assumed in the previous section that the deceleration and the acceleration phases occurred
within the initial and the final locations (i.e., within the turning region). However, this is not always
the case, and there could be variations in the dimensions of the turning region. Effects of deceleration
and acceleration at initial and final locations, respectively, on the variation of estimated trajectories
were also explored, and the results are summarized in this subsection.
In the simulation, speeds at initial and final locations were set as 1.45 m/s, which is approximately
the average free flow walking speed. Speeds at the intermediate locations were estimated based on the
power law relationship and the instantaneous radii estimated using fourth order polynomial traverses
through initial, intermediate, and final points. Magnitudes of the entry deceleration and the exit
acceleration were considered to be similar. Trajectories were simulated for different entry and exit
accelerations ranging from 0 m/s2 to 0.8 m/s2. Resulting trajectories for 90◦ and 180◦ turning cases are
shown in Figure 5.
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Fig re 5. Sensitivity of the model to th entry and the exit accelerations: (a) paths for 90◦ turning;
(b) paths for 180◦ turning; (c) speed profiles for 90◦ turning; (d) speed profiles for 180◦ turning;
(e) acceleration profiles for 90◦ turning; (f) acceleration profiles for 180◦ turning.
It could be observed that, for a given turning angle, paths were not remarkably varied from each
other. However, significant variations were observed in speed and acceleration profiles. That is, speed
and acceleration profiles during the whole movement were dependent on the initial and the final
acceleration values. These observations indicate that individuals mainly adjust speed and accelerations
only (i.e., keeping similar walking paths) to traverse through a bend.
4.2. Exit Location
Although an individual plans a movement at an initial point via an intermediate point, there
could be different final or exit points. How trajectories are varied depending on the final location
was also investigated. In these simulations, speeds at initial and final locations were set as 1.45 m/s.
Speeds at the intermediate locations were estimated based on the power law relationship considering
instantaneous radius of the path of the base case (i.e., xf = 2.00 m for 90◦ case and yf = −1.50 m for
180◦ case). Accelerations at initial and final locations were set as 0 m/s2. Based on such settings,
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simultaneous equations were solved for the same entry location but for a range of different exit
locations. Resulting trajectories are shown in Figure 6.Sustainability 2019, 11, x FOR PEER REVIEW 11 of 14 
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Figure 6. Sensitivity of the odel to the exit location: (a) paths for 90◦ turning; (b) paths for 180◦
turning; (c) speed profiles for 90◦ turning; (d) speed profiles for 180◦ turning; (e) acceleration profiles
for 90◦ turning; (f) acceleration profiles for 180◦ turning.
It could be observed that, even though fixed speed values (for 90◦ and 180◦ cases separately) were
set at the intermediate points, a range of minimum speed values resulted. This was rational and was
attributed to the same reason as described in Section 3.3, i.e., the use of the t f values resulting from
Equations (5)–(7) to estimate coefficients for both x- and y-directions or vice-versa. Obviously, different
t f values are possible for different xf and yf. Nevertheless, the results obtained here are logical. The
smaller the minimum radius of the path is, the smaller the minimum speed at the intermediate location
will be.
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4.3. Radius of the Walking Path
Even though the turning angle is the same, the minimum radius of the path could be significantly
different. How the trajectories varied for different radii for the same turning angle is evaluated in
this section.
For the simulation, different intermediate points were assumed for fixed initial and final
locations. Instantaneous radii were estimated using a fourth order polynomials traverse through initial,
intermediate, and final locations (Figure 7a). Speed at the intermediate location was set based on the
power law relationship. Entry and exit speeds were assumed to be similar and were set as 1.45 m/s.
Accelerations at entry and exit locations were set as 0 m/s2. Resulting paths, speed, and acceleration
profiles for 90◦ turning are compared in Figure 7b–d, respectively.
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It could be observed that, even though paths were not considerably deviated (0.143 m), speed
and acceleration profiles displayed a significant variation due to the differences in minimum radii at
the intermediate point. Minimum speeds varied between 0.91 m/s and 1.22 m/s, and magnitudes of
maximum accelerations (or minimum deceleration) varied between 0.28 m/s2 and 0.56 m/s2.
It could further be observed that the movement time increased when a person moved further away
from the bend at the inner corner. That is, the shortest path was achieved when a person walked closer
to the inner wall. Such logical behaviors could also be realistically captured in the proposed model.
5. Conclusions and Further Studies
I formation regarding trajectories of pedestrians’ turning maneuvers can be used in many
applications, such as in microscopic simulations, motion planning of autonomous agents,
and visualization of movements in VR and DS applications. This study investigated the applicability
of minimum-jerk and one-thirds power law concepts in movement planning of pedestrians when
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negotiating bends. The comparison of modeled and observed actual paths explained that the proposed
approach could reproduce walking paths with good accuracy. Although speed and acceleration
patterns were accurately reproduced, it was noted that the model underestimated the minimum speed
for all bends. This was mainly due to the use of default parameter K of the power law equation that
was calibrated in previous studies under different experimental conditions. Further, due to the large
variation in K values of the power law relationship calibrated in previous studies, it was hard to define
a proper value in this study. Thus, further empirical investigations are necessary to recalibrate the
parameter K considering various factors, e.g., demographic characteristics, affecting walking speed
of pedestrians.
Sensitivity analysis explained that the model could logically respond to the changes in initial,
intermediate, and final conditions and realistically reproduce paths, speed, and acceleration profiles.
That is, the model could be applied in estimating trajectories of humans negotiating bends under
different initial and target conditions. Nevertheless, additional experimental data, particularly for
different boundary conditions and walking radii, are required to further validate these findings.
Instantaneous radius of the walking path is an input for the model presented in this study, and
the accuracy of the speed at the intermediate location depends on the accuracy of the estimated
instantaneous radii. In this study, for the sake of simplicity, a fourth order polynomial that passed
through initial, final, and intermediate locations was considered to estimate instantaneous radii. Other
methods such as spline or clothoid curves may also be used considering the tradeoff between accuracy
of the estimates and the computational costs.
In this study, only the solo turning cases, which can be considered as the base movement pattern
in any microscopic simulation or movement planning application, were modeled. Further studies are
necessary to evaluate the deviation between the planned or the desired path (under solo conditions)
and the resulting path in the presence of obstacles, such as interacting pedestrians.
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